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MM™ is a successful axiom (for H(wsz))

(1) (Maximal forcing axiom) MM™ ™ is a consistent (relative to
a supercompact), provably maximal forcing axiom relative
to collections of R{-many dense sets.

(2) (Completeness modulo forcing) If MM ™ holds, then
Th(H(wz)Y) = Th(H(w2)"") for every forcing P such that
Fp MM™T (since MM = (%) (A.=Schindler)).

(2) (Mo maximality) If MM holds, then (H(w2); €,NS,,) = o
whenever o is a > sentence such that
(H(w2); €,NS,,) [= o is forcible (again, since
MMT* = (x)); in fact, tinkering a bit with the proof that
MM™*" = (%) one can show that already MM is M, maximal
for the theory of (H(wz); €) (A.—Schindler)).



Are there competitors for MM™ ™ higher up? In other words, are
there axioms approximating any of (1)—(3) for H(ws), or H(x) for
some higher x?



MM™* and completeness for H(ws)

The completeness provided by (x) for the theory of H(ws)
certainly doesn’t extend to H(ws): Force [J,,, by
<wso-distributive forcing, hence preserving (x).

How about MM™"? Does MM™ provide a complete theory,
modulo forcing, for H(w3)?



The answer of course is No, but it’s not so straightforward to
find examples:

e (Todorcevi¢) PFA implies -,

* (Sakai) MM implies partial square on S;:2.

e PFA implies 2% = X, (Todoréevi¢, Velitkovi¢), so it implies
O(S¥2) (Shelah).

* (Baumgartner) PFA implies {(S:?).



Given a cardinal « of uncountable cofinality and a stationary set
S C &, Strong Club Guessing at S, SCG(S), is the following
statement:
There is a sequence (C; : § € S) such that

e forevery § € S, Cs is a club of 4, and

e for every club D C «x there are club-many § € D such that if
5 € S,then G5\ o C D for some « < 4.



Theorem

Add(wp,w3) forces — SCG(S) for every stationary S C S=2.
Hence, if MM*™" holds, then forcing with Add(w»,ws) yields a
model of MM += SCG(S) for every stationary S C Sv2.

Theorem

Let x be a supercompact cardinal, and let P be the standard
RCS-iteration of length « forcing MM* ™. Let S = (S<2)V. Then
P« Q(S) forces MM +SCG(S). Here, Q(S) is a natural

Ny -support iteration of length w3 for adding some (Cs : 6 € S)
and then shooting clubs through

{§€wr:0e8S= Cs5\aC D, forsomea < 6},

where D,, is a club of wo.
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Let x be a supercompact cardinal, and let P be the standard
RCS-iteration of length « forcing MM* ™. Let S = (S<2)V. Then
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Ny -support iteration of length w3 for adding some (Cs : 6 € S)
and then shooting clubs through
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where D,, is a club of wo.

Question: Is there any forcible ¥, axiom A deciding the theory
of H(wsz) modulo forcing?
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are true in all set-generic extensions. Then there is no forcible
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Limitations on completeness

Theorem

(Woodin) Suppose the Q2 conjecture and the AD " -conjecture
are true in all set-generic extensions. Then there is no forcible
Y » axiom A such that A provides, modulo forcing, a complete
theory for 5 sentences.

Theorem

(Woodin) Suppose the Q2 conjecture holds and there is a proper
class of Woodin cardinal. Then there is no forcible X, axiom A
such that A provides, modulo forcing, a complete theory for
H(é3 ), where &, is the first Woodlin cardinal.



High Mo maximality?

I, forcing maximality for the theory H(w3) is false, at least in
the presence of a Mahlo cardinal:

Both .., and -0, can be forced, and [, is X4(w2) over
H(wg).

Question: Does ZFC prove that N, forcing maximality for the
theory H(ws3) is false? Does it in fact prove that there is a
Y 1(w2) sentence o such that both o and —o are forcible?



A vague question:

Question: Can there (still) be any reasonable successful
analogue of MM ™, as forcing axiom, for H(ws) or higher up?

e Such an analogue of MM™ ™ if it extends FA,,,({Cohen}),
should presumably imply 2% = X3,

¢ Alternatively, we could instead focus, in the context of CH,
on interesting classes I of countably closed forcings.



Strong properness

(Mitchell) A partial order P is strongly proper iff for every
large enough cardinal 6, every countable M < H(6) such that
P € M, and every p € P N M there is some g <p p which is
strongly (M, P)-generic, i.e., for every @' <p g there is some
mm(q’) € PN M such that every r € PN M with r <p my(q') is
compatible with q'.



Examples of strongly proper posets:
e Cohen forcing

e Baumgartner’s forcing for adding a club of w4 with finite
conditions.

Caution: ccc does not imply strongly proper. In fact, most ccc
forcings are not strongly proper.



Some basic facts

Fact

If P is strongly proper, M < H(9) is countable, P € M, q is
strongly (M, P)-generic, G C P is generic over V, and q € G,
then GN M is P N M-generic over V.

Corollary

Every w-sequence of ordinals added by a strongly proper
forcing notion is in a generic extension of V by Cohen forcing.

Lemma
(Neeman) Suppose P is strongly proper. Then P does not add
new ht( T)-branches through trees T such that cf(ht(T)) > wy.



Some pure side condition forcings
(chains)

(1) (Todorcevi€) C+: conditions are chains C = {My, ..., My}
with M; < H(G), |M,| =Ny, M; € M/+1 for all i.

e (C, is strongly proper for countable models.
® C; covers H(6)" by an e-chain of length w; of countable
models in V.

(2) (Neeman) C,: conditions are C = {Qq, ..., Qn}, where
(@) Qyis either a countable M < (9) or N < (6) such that
[N| =Ry and N internally club (IC).
(b) Q€ Quuqforalli<n.
() N, MeN,NeM,|N| =y, M| =N, then NN M € C.

® (C, is strongly proper for countable models and IC models of
size Ny.

® C, covers H(6)" by an e-chain of length w; of X-sized
models in V.



A limitation

Fact
(Velickovic) The natural pure side condition forcing C3 for three

types of models (say countable, size X1 IC, and size X, IC)
doesn’t work.



More pure side condition forcings
(symmetric systems)

(3) (Todorcevi¢, A.—Mota, ...) S1: conditions are finite
collections \ of countable M < H(6) such that
(a) For all My, M; € N, if 5M0 = 6M1 (5/\/] = Mﬂw1), then
Moy = M; and the isomorphism

WM07M1 : M() — M1

is the identity on My N M;.

(b) For all My, M, € N, if 5’\/’0 = (5[\//1 , then
\UMO,M1 “NNMy=Nn M.

(c) Forall My, My € N, if 6y, < dm,, then there is some M; € N
such that My € M} and omy = Om, -

(N is a symmetric system)

® Sy is strongly proper for countable models.
® (CH) S¢ has the No-c.c. and preserves CH.



(4) (Gallart, Hoseini Naveh) S,: conditions are symmetric
systems N of models of two types (countable and IC of
size N4).

(a) Natural combination of Neeman’s notion of two-type chain
of models (Cy) and the notion of symmetric system (S1).
(b) Given two models My, My € N of the same height ¢y,
(= sup(M Nwyz)), we ask that in fact

(HulI(Mo,w1); & Mo) = (HU||(M1,(U1); E; M1)

® S, is strongly proper for countable models and for ®1-sized
IC models.
® (2% = N,) S, has the N3-c.c. and preserves 2% = 5.



An application of S,

A strong ws-chain of subsets of wy is a sequence (X; : i < ws)
of subsets of wy such that for all iy < iy,

* X, \ Xj is finite and
o X\ Xip| = Ry
Theorem* (A.—Gallart) (GCH) There is a forcing notion P with
the following properties.
(1) P is proper for countable models and for IC models of size
Ny.
(2) P has the RN3-chain condition.
(3) P forces the existence of a strong w3-chain of subsets of
w1 .

P uses side conditions from S, in a crucial way.



This result is optimal:

Theorem
(Inamdar) There is no strong ws-chain of subsets of wo.

A strong ws-chain of functions from w1 into wy is a sequence
(h; : i < wg) of functions h; : wy — w4 such that for all
io < < w3,

{rew : hy(r) < hi(1)}

is finite.

Question: Is it consistent to have a strong ws-chain of functions
from wq into wy?



Extending strong properness to x > w

The notion of strong properness can be naturally extended to
higher cardinals:

Suppose « is an infinite regular cardinal such that k<" = k. A
partial order P is x-strongly proper iff for every M < H(#) such
that 7 € M and such that

* M| =&, and
) <KM§M’

every P-condition in M can be extended to a strongly
(M, P)-generic condition.



We will need the following closure property:

Given an infinite regular cardinal «, a partial order P is
<k-directed closed with greatest lower bounds in case every
directed subset X of P (i.e., every finite subset of X has a lower
bound in P) such that | X| <  has a greatest lower bound in P.

We will also say that P is x-/attice.



All facts about strongly proper (i.e., w-strongly proper) forcing
we have seen extend naturally to x-strongly proper forcing
notion which are x-lattice (assuming <" = k).

For example, every x-sequence of ordinals added by a forcing
in this class belongs to a generic extension by adding a Cohen
subset of k.



Lemma

(Reflection Lemma) Let  be an infinite regular cardinal such
that k<" = k. Suppose P is a r-lattice and r-strongly proper
forcing. If 0 is large enough and (M;);,.+ is a C-continuous
€-chain of elementary submodels of H(0) such that P € M;,
\Mj| = k, and <*M; C M; for alli € St", then P N N is r-lattice
and r-strongly proper, for N = |J;_,.. M.

Proof.

Let x large enough and M* < H(x) such that P, (M)); .- € M*,
\M*| = k and <*M* C M*. Then M*N N = M; € N for

d = M* N ™. But every strongly (M;s, P)-generic is strongly
(M*,P N N)-generic. O

Compare the above reflection property with the reflection of
k-c.c. forcing to substructures M such that <*M C M.



Theorem

(A.—Cox—Karagila—Weiss) Assume GCH, and let x be infinite
regular cardinal. Then there is a r-lattice and k-strongly proper
forcing P which forces 2% = k™" together with the x-Str PFA

(= FA,.+(k-lattice + k-strongly proper)).

Proof sketch: Let # = x**. By first forcing with Coll(x™, <6), we
may assume that <»(S?.) holds.

Our forcing P is Py, where (P,, Qp, : o € EU {0}, B € E),
E C Sﬁ++, is a <rk-support iteration a la Neeman with side
conditions from Cx(S, T), for

S={M: |M| =k, "M C M}

and
T={N, : a € E},

where (N, : « € E) is some filtration of H(9).



Condition are p = (wp,Cp), where
* dom(wp) € [0]<";
* CpeCo(S,T);
e for all « € dom(wp), N, € Cp and
(Wp | a, NpNN,) IFp, “wp(a) is strongly (M[G.], Q.)-generic”
forall M € Cpo NS with oo € M.

At stage «, if our diamond feeds us a P,-name Q. fora
r-lattice x-strongly proper forcing, then we let Q, = Q..



The Reflection Property is used to show that our
construction captures x-strongly proper forcings of arbitrary size.

The proof uses the fact that every x-sequence of ordinals is in a
r-Cohen extension since each P, is x-lattice and x-strongly
proper, which enables a typical model N,, € T to have access
to the relevant P,-names for «-sized elementary submodels M
(so the relevant Q,’s are in fact such that

IFp, Q. is k-strongly proper).

Also: The proof crucially uses the fact that our forcings are
r-lattice (it would not work if we just assumed <x-directed
closedness). O



x-Str PFA does not decide 2%. In fact:

Theorem

Assume GCH, and let k < k' < k™ < 0 be infinite regular
cardinals. Suppose {(S".") holds. Then there is a r-lattice
and k-strongly proper forcing P which forces 2" = 6 together
with k-Str PFA.

Proof sketch: We build an iteration
(PayQp : a € EU{sTT},8 € E)

as before, except that at each stage o € £ now we look at
whether our diamond feeds us a P, x Add(x, x*)-name Q,, for
a x-lattice and x-strongly proper poset. If so we let

Do = Add(k, K1) * Q.



The forcing witnessing the theorem is
P = Pe++ x Add(k, 0)
To see this, take a x-lattice x-strongly proper forcing in the

extension via P. By the Reflection Property it reflects to a
forcing of size ™. Let Q be a P-name for the corresponding
forcing.

By xt*-c.c. of P we may identify Q with a

P.++ x Add(x, xT)-name, which we may code by a subset of
xTT. Now we use our diamond to capture Q as in the proof of
the previous theorem.



Again, we use the fact that every k-sequence of ordinals in the
final model is in a xk-Cohen extension since P, x Add(k,x™) is
r-lattice and k-strongly proper.

]



Again, we use the fact that every k-sequence of ordinals in the
final model is in a xk-Cohen extension since P, x Add(k,x™) is
r-lattice and k-strongly proper.

]

As far as | know this is the first example of a forcing axiom
FA,+(I') such that FA,++(I') is false but nevertheless FA,+ (') is
compatible with 2" arbitrarily large:

To see that FA,++(x-lattice + x-strongly proper) is false, look at
the forcing P of <k-length e-chains of suitable models

N < H(x™") of size x (this is C in this context). An application
of FA.++({P}) would cover ™" with a x*-chain of models of
Size K.



Applications of x-Str PFA

Not many.

® (k) > kKT
® The covering number of natural meagre ideals is > x™.

e Weak failures of Club-Guessing at «.



Relaxing strongness?
Let us say that a forcing P is x-MRP-strongly proper if for every
large enough 6, every M < H(0) of size x such that <*M C M
and P € M, and every p € MNP there is g <p p such that for
every q' <p q,
Xy ={X € [M]" : Irx(q') € PNXVr <p nx(q'),r € X — r||pq'}
is M-stationary (i.e., for every club E € M there is some
X e EnXy NM).
FA,.+({P : P r-lattice and xk-MRP-strongly proper}) implies a
natural high analogue of MRP which in turn implies 2+ = x*+.



Relaxing strongness?
Let us say that a forcing P is x-MRP-strongly proper if for every
large enough 6, every M < H(0) of size x such that <*M C M
and P € M, and every p € MNP there is g <p p such that for

every q' <p q,

Xy ={X € [M]" : Irx(q') € PNXVr <p nx(q'),r € X — r||pq'}
is M-stationary (i.e., for every club E € M there is some

X € EN Xy 0 M).

FA,.+({P : P r-lattice and xk-MRP-strongly proper}) implies a
natural high analogue of MRP which in turn implies 2+ = x*+.

Theorem
Suppose x > wq is a regular cardinal and <" = k. Then

FA.+({P : P k-lattice, k*-c.c., and k-MRP-strongly proper})

is false.
Proof sketch: For the proof we use...



An inconsistent uniformization principle

Theorem
(Shelah) Let k. > wq be a regular cardinal and let
(Cy : o€ S5 be a club-sequence. Then there is a sequence

(fy - ae 8

of colourings, with f, : C,, — {0, 1} for all o, for which there is
no function
G:kt —2

such that for all « € S,

for club-many ¢ € C,.



Now let (C, : « € S®") be a club-sequence and (f, : o € S"")
be a sequence of colourings which cannot be club-uniformized.

Let P be the forcing consisting of <«x-sized functions p with
dom(p) € S*" such that

(1) for all & € dom(p), p(a) < «, and

(2) forall ap < aq in dom(p), if
€ € (Cap \ P(0)) N (Cay \ P(a1)), then £o,(§) = o, (£)-

Then P is k*-c.c., k-lattice, and x-MRP-strongly proper, so an
application of FA,.+ ({PP}) gives us a function G : k* — {0,1}
which in fact uniformizes (f, : o € S®") modulo co-bounded
sets — for each a € S*" there is p(«) < a such that

G(€) = fu(¢) forall € € Cy \ pla). O



Getting rid of g.l.b.’s?
No:

Theorem

(Shelah) Suppose x > wq is a regular cardinal and xk<" = k.
Then

FA.-({P : P <k-directed closed, x* -c.c., and x-strongly proper})

is false.

Proof.

Similar as previous proof, with a natural forcing for adding
G:rxt — {0,1} and clubs D, C C, (for a« € S*") such that
G(&) =1, (&) forallaand all € € D,. O



k-strong semiproperness

Let x be an infinite regular cardinal such that <" = k. Let us
say that a forcing notion P is «-strongly semiproper if and only if
for every large enough ¢ and every M < H(6) such that P € M,
M| = k, and <"M C M, every p € P N M can be extended to
some g € P which is k-strongly (M, P)-semigeneric, i.e., there
is some o € [H(#)]=" such that

(1) HullM,o)Nnk™ =Mn kT, and

(2) qis strongly (Hull(M, o), P)-generic.

Given infinite regular , let the «-Strongly Semiproper Forcing
Axiom be

FA.+({P : P r-lattice and x-strongly semiproper})



A family of reflection principles

Given an infinite regular ~ and a cardinal i < &, let
SRP(x", )

be the following reflection principle: Suppose X is a set and
S C [X]". If Xis such that X € H(\), there is a C-continuous
e-chain (M;);.,.+ such that for each i < v, M; < H(\) and
M| = &, and if cf(i) = &:
e M;n X ¢ Sif and only if there is no o € [X]=* such that
(@) Hull(M; U o) is a x*-end-extension of M (i.e.,
Hull(M;uc) Nkt = M;N k™), and
(b) Hull(M;Uo)N X € S.



Easy: The x-Strongly Semiproper Forcing Axiom implies
SRP(x™, k).



Theorem
For every k > w1, SRP(rkt,w) is false. In particular, the
r-Strongly Semiproper Forcing Axiom is false.

Proof: Let S be the collection of X € [xT]* such that
cf(X) = w.

By an application of SRP(x*,w) to S there is a C-continuous
e-chain (M;);-,.+ of models of size « such that for each i < x™
such that cf(/) = &, if

cf(MiNnktT) # w,

then there is no countable o C k™ such that
* Hul(Mjuo)nk™ =M;Nnrk" and
e cf(Hul(MjUo)Nk™t) =w.



Claim:
S={iec S : thereis no countable o C x** as above for M;}

cannot be stationary:



Claim:
S={ie S : thereis no countable o C x** as above for M;}

cannot be stationary: Suppose S is stationary. Let o € k1,
cf(a) = w, such that F“[a]<“ Nkt C « for some

F :[H(\)]=¥ — H(\) generating club of elementary
submodels R such that (M;);..+ € R.

Now we can easily find X C « cofinal in «, such that

R = F"“[X]<“issuchthat |R| =rxandi:= RNx™ € S. Let
o C X be countable and cofinal in X. But then Ris a
xT-end-extension of M; and cf(RN k") = w, and so o
witnesses that M; ¢ S. Contradiction. I

Now we get club-many i such that if cf(/) = «, then

cf(M; N x™1) = w. But this is impossible since

(sup(M; N k™1)) : i < k™) is strictly increasing and continuous
and therefore cf(MiN k™) =k > wifcf(i) = k. O



Saturation

Given an infinite regular x and a stationary S C k™, NS,.+ | S'is
saturated iff every collection A of stationary subsets of S such
that Sp N S is nonstationary for all Sy # S in A is such that
|A| < &T.



Fact
If k. is an infinite regular cardinal, SRP(x ", 1) implies that
NS, | S¢ is saturated.

Proof: Let A be a collection of stationary subsets of ¢ with
pairwise nonstationary intersection. We want to show |A| < x*.
Let X = AUx™ and let S be the collection of Z € [X]" such that

® j;:=ZNkT € kT and
e jc Sforsome Sec ANnZ.

Let (M));-.+ be a reflecting sequence for S as given by
SRP(x*,1), and suppose S € A\ ;. .+ M;. Let
M; = Hull\(M; U {S}) for all i and note that

i<kt icf(l=rk=>Mnr"=Mnk"
I

containsaclub C C x+.



Hence, for every i € Cn S there is some S(i) € M; such that
M; N " € S(i). By Fodor’s lemma there is some Sy such that

T={ieSNC: S(i) = So}

is stationary. But that is a contradiction since M, N st € SN Sy
for every i € T and therefore SN Sy is stationary. O



Let us say that a forcing P is x-strongly 1-semiproper iff it
satisfies the definition of ‘x-strongly semiproper’ replacing
Hull(M, o), for || < &, with Hull(M, o), for |o| < 1.

r-strong 1-semiproperness is the least demanding excursion of
r-strong properness into the realm of semiproperness.

FA.+({P : P k-lattice, x-strongly 1-semiproper})
implies SRP(x ", 1) and therefore the saturation of NS, | S

Question: Is FA.+({P : P x-lattice, k-strongly 1-semiproper})
consistent for any x > wq?

Question: Suppose x > wy is regular and NS,.+ | Sg+ is
saturated. Does it follow that GCH cannot hold below x?



On high properness when adding reals

Neeman considers side conditions consisting of nodes of either

of the following types.

(1) (Countable type elementary) These are models M < H(6)
such that |M| = 8.

(2) (Type wq) These are IC models N < H(#) such that
IN| = Ny.

(3) (Countable type tower.) These are countable e-chains 7 of
nodes of type wq suchthat TN N e Nforall N e T.



Definition

(Neeman) A two-size side condition is a finite set A/ of nodes of
the above types which is €-increasing (i.e., every node belongs
to the next), and closed under intersection in the sense that:

e IfN,MecN,NeM,N of type wy, and M countable
elementary, then MN N € N.

e If N, T eN,NecT,T of type tower, and 7 N N # (), then
there is a tower 7/ 2 7 N N occurring in N before N.



Definition

(Neeman) A partial order P is two-size proper if for every large
enough 6 there is a function f : [H(#)]<“ — H(0) such that for
every two-size side condition A/ with all models involved closed
under f, every Q e N,andevery pc PN Q, if pis

(R, P)-generic for every R € N' N Q, then there is g <p p which
is (R, P)-generic for all R € A/. (If T is a tower, a condition is
(T,P)-generic iff it is (N, P)-generic for all N € T.)

Theorem
(Neeman) If x is a supercompact cardinal, then there is a
partial order P C V,; forcing FAx,({P : P two-size proper}).



A partial order P is two-size strongly semiproper if for every
large enough 6 there is a function f : [H(#)]<% — H(6) such
that for every two-size side condition N with all models involved
closed under f, every Q € N, andevery pc PN Q,ifpis

(R, P)-strongly wo-semigeneric for every R € N'N Q, then there
is g <p p which is (R, P)-strongly w»>-semigeneric for all R € N.

Theorem
FAv,({P : P two-size strongly semiproper}) implies
SRP(w2,w).

Corollary
FA,({P : P two-size strongly semiproper}) is inconsistent.



Two-size strong 1-semiproperness is the least demanding
excursion of two-size properness into the realm of
semiproperness.

FAx,({P : P two-size strongly 1-semiproper}) implies
SRP(wo, 1).

Question: Is FAy,({P : P two-size strongly 1-semiproper})
consistent?

In joint work with Veli¢kovi¢, and using forcing with virtual

models with generators, we do get consistency of a shadow of
SRP(wz, 1) but which unfortunately doesn’t seem to be enough
to get saturation of NS, [ S%2

wq*



On high stationary reflection

Theorem
(Sakai)

(1) WRP,, | IA, implies 2% < X3.

(2) Ifk is supercompact, then the N4 -support iteration of length
x with mixed support for collapsing « to w» (for a < k) with
conditions of size Y1 while also adding Cohen reals forces
WRP,, | IA, +2%0 = R3.



Some final questions:

Question: Is there any consistent high analogue R* of any
reflection principle R following from MM™* such that R* implies
2No — N3?

Question: Is there any M, sentence ¢ such that the following
holds?

(1) ZFC proves that if H(w3) |= o, then 2% = Rj.

(2) For some reasonable large cardinal axiom LC, ZFC+ LC
proves that it is forcible that H(ws) = o.



Related to the last question in the previous slide but for H(w-):

Conjecture: BFA({Q : Q w—proper}) implies 2% = X,
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